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Abstract. We consider relative Tor functors built from resolutions described 
by a semidualizing module C over a commutative noetherian ring R. We show 
that the bifunctors Torf c - M (-, -) and Torf° M (-, -), defined using flat-like 
and projective-like resolutions, are isomorphic. We show how the vanishing of 
these functors characterizes the finitcncss of the homological dimension Tc~ pd, 
and we use this to give a relation between the Tc~ pd of a given module and 
that of a pure submodule. On the other hand, we show that other relations 
that one may expect to hold similarly, fail in general. In fact, such relations 
force the semidualizing modules under consideration to be trivial. 



Introduction 

For the purposes of this paper, relative homological algebra is the study of non- 
traditional resolutions and the (co)homology theories (i.e., relative derived functors) 
that they define. By "non-traditional" we mean that these resolutions are not 
given directly by projective, injective, or flat modules, as they are in "absolute" 
homological algebra. This idea goes back to Butler and Horrocks [4] and Eilenberg 
and Moore [5]. This area has seen a lot of activity recently thanks to Enochs and 
Jenda [5] and Avramov and Martsinkovsky [2J. 

Much of the recent work on the derived functors that arise in this context has 
focused on cohomology, i.e., relative Ext; see, e.g., |T3l [15]. The point of this 
paper is to begin a pointed discussion of the properties of relative Tor. The relative 
homology functors that arise in this context come from resolutions that model 
projective resolutions and flat resolutions. Specifically, we consider proper Vc- 
resolutions and proper J^-resolutions where C is a semidualizing module over a 
commutative noetherian ring R. (See Section [T] for terminology, notation, and 
foundational results.) 

Section [2] consists of basic results about these resolutions. By their nature, 
these resolutions have some similar properties, but also some different properties; 
For instance, Proposition 12.41 shows that proper T^-resolutions behave well with 
respect to flat ring extensions, but the behavior of proper ^-^-resolutions in this 
context is not clear. On the other hand, restriction of scalars is well-behaved for 
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proper .Fc-resolutions, but not necessarily for proper 'Pc-resolutions, as we show 
in Proposition ^. 51 

We have four flavors of relative homology in this context. For instance, given a 
proper Pc-resolution L of an i?-module M, we have Torf cM (M, N) = Ui(L® R N) 
for each R- module N and each integer i. The module Torf 4Vc (M, N) is defined us- 
ing a proper ^-resolution of iV, and similarly, Torf aM (M, N) and Torf ^ (M, N) 
are defined using proper .^-resolutions; see Definition 13.11 

Certain relations between these are obvious. For instance, commutativity of ten- 
sor product implies that Torf cM (M, N) = Torf Vc (N, M) and Torf aM (M, N) = 
Torf "^(iV, M). Other relations are not obvious. For instance, it is well-known 
that Torf (M, N) can be computed using a projective resolution of M or a flat res- 
olution of M. The corresponding result for relative Tor is our first main theorem, 
stated next. It is contained in Theorem [ 



Theorem A. Let C be a semidualizing R-module, and let M and N be R-modules. 
For each i, there is a natural isomorphism Torf c (M, TV) = Tor f° (M, N) . 

This result allows for a certain amount of flexibility for proving results about 
relative Tor, as in the absolute case. This is the subject of the rest of Sec- 
tion [3] For instance, when M and N are finitely generated, it is straightforward 
to show that Torf c (M, N) is finitely generated, while it is not obvious at all 
that Torf CjV, (M,7V) is finitely generated. On the other hand, Torf cM (M,N) 
is well-behaved with respect to flat base change, and we get to conclude that 
Tovf cM (M, N) is similarly well-behaved. See Propositions 13.81 and 13.101 This sec- 
tion concludes with relative versions of Hom-tensor adjointness, tensor evaluation, 
and Horn evaluation in Propositions 13. 14113.161 

Given these nice properties, one may be surprised to know that many properties 
of absolute Tor do not pass to the relative setting. These differences are the subject 
of Section [H For instance, in Example [41] we show that in general we have 

Torf cM (M, N) ¥ Torf 1 ^ (M, N) 

Torf cM (N, M) ¥ Torf cA1 (M, N) 

Tor( cM (M, N) ¥ Torf (M, N). 



The remainder of this section focuses on two questions. First, Propositions 14. 2H4. 51 
and Examples I4.6H4.7I provide classes of modules M, N such that the above "non- 
isomorsphisms" are isomorphisms. Second, starting with Theorem 14.81 we show 
that the only way that the above "non-isomorsphisms" are always isomorphisms is 
in the trivial case. For instance, here is Theorem 14.81 



Theorem B. Assume that (R,m,k) is local, and let B and C be semidualizing 
R-modules. The following conditions are equivalent: 

(i) Tot( bM (M, N) Torf ^ C (M, N) for all i ^ and for all R-modules M, N. 

(ii) Tot( bM (B, k) = Torf 4 Tc (B, k) for i = and some i > 0. 

(iii) Tor( BM (k, C) ^ Torf ^(k, C) for i = and some i > 0. 

(iv) B = R = C. 

Section [5] discusses Tq- pd, the homological dimension obtained from bounded 
proper Jx--resolutions, and its relation to relative Tor. First, in Proposition 15.21 
we note that this is the same homological dimension as the one calculated from 
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bounded acyclic J-b-resolutions. From this, we deduce some flat base change results 
for J-"c-pd. In Theorems 15.61 and 15.71 we prove the next result which characterizes 
modules of finite Tc~ pd in terms of vanishing of relative Tor. 

Theorem C. Let C be a semidualizing R-module, and let M be an R-module. 
Given an integer n ^ 0, consider the following conditions: 

(i) Torf cM (M, -) = for all i > n; 

(ii) Tor^(M,-) =0; and 

(iii) F c -pd R (M) ^ n. 

(iv) Torf cM (M, R/m) = for alii > n and for each m G m-Spec(i?); 

(v) Torj^^M, R/m) = for each m £ m-Spec(.R); and 

(vi) V c -pd R (M) ^ n. 

The conditions (0) ~ (|m| are always equivalent. If M is finitely generated, then con- 
ditions - (|vH are equivalent. 

Section [6] contains the following application to pure submodules, motivated by 
a result of Holm and White [10] . See Theorem 16.51 

Theorem D. Let C be a semidualizing R-module, and let M' C M be a pure 
submodule. Then one has 

T c -pd R (M) ^ S up{Tc-pd R (M'),T c -pd R (M/M') - 1}. 



1. Background Material 

Convention 1.1. Throughout this paper R and S are commutative noetherian 
rings, and ftA(R) is the category of R- modules. We use the term "subcategory of 
Ai(R)" to mean a "full, additive subcategory X C J\A(R) such that, for all R- 
modules M and N, if M ^ and M G X, then N £ X." Write V(R), T{R) and 
I(R) for the subcategories of projective, flat and injective i?-modules, respectively. 
Write m-Spec(i?) for the set of maximal ideals of R. 

General Notions. 

Definition 1.2. An R-complex is a sequence of i?,-modulc homomorphisms 

y = ■ ■ ■ — s- Y n — s- y„_i — > ■ ■ ■ 

such that d„_id% = for each integer n. When Y is an i?-complex, set H n (Y) = 
Ker(d%)/ lm(d^ +1 ) for each n. Given a subcategory X of Ai(R), an i?-complex Y 
is Hom R (X, —)-exact if the complex Hom R (X, Y) is exact for each X in X. The 
term Hom^(— , X) -exact is defined similarly. 

Given two i?-complexes Y and Z, a chain map f:Y — > Z is a sequence of 
i?-module homomorphisms Y- L — > Zi] making the obvious "ladder-diagram" 
commute. A chain map / : Y — > Z is a quasiisomorphism if the induced map 
Hj(/) : Hj(y) — > Hi(Z) is an isomorphism for each i. In general, the complexes Y 
and Z are quasiisomorphic provided that there is a sequence of quasiisomorphisms 
Y Y 1 — > Y 2 <— • • • <— Y m -> Z for some integer to. 

In this paper, resolutions are built from precovers, and coresolutions are built 
from preenvelopes, defined next. For more details about precovers and preenvelopes, 
the reader may consult [6, Chapters 5 and 6]. 
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Definition 1.3. Let X be a subcategory of Ai(R) and let M be an i?-module. An 
X-precover of M is an i?,-module homomorphism ip: X — > M, where X € X, and 
such that the sequence 

Hom fi (A:', ip) : Uom R (X' X) -> Rom R {X' , M) -> 

is exact for every X' 6 A". If every i?-module admits A-precover, then the class X 
is precovering. The terms X -preenvelope and preenveloping are defined dually. 

Assume that A is precovering. Then each i?-module M has an augmented proper 
X -resolution, that is, an i?-complex 

X+ = •••-% X x X ^ M — > 
such that Hom/f(y, X + ) is exact for all Y 6 A". The truncated complex 

X = ---%X 1 ^X ^Q 

is a proper X -resolution of M. The X -projective dimension of M is 

A"-pd H (Af) = inf{sup{n | X n ^ 0} | X is a proper A-resolution of M}. 

Proper X -cores olutions and A- id are defined dually. 

When X is the class of projective i?-modules, we write pd R (M) for the associated 
homological dimension and call it the projective dimension of M. Similarly, the flat 
and injective dimensions of M are denoted id R (M) and id R (M). 

Remark 1.4. Let X be a, precovering subcategory of A4(R). We note explicitly 
that augmented proper X- resolutions need not be exact. 

According to our definitions, we have X-pd R (0) = — oo. The modules of X- 
projective dimension zero are the non-zero modules in X. 

Note that projective resolutions (in the usual sense) are automatically proper. 
Also, note that augmented proper flat resolutions are automatically exact. 

The following result shows that there is some versatility in proper flat resolutions. 
It is for use in Proposition 15.21 



Lemma 1.5. Let N be a module such that there is an exact sequence 

0^G n ^ >G o ^iV^0 

where each Gi is flat. Let F be a proper flat resolution of N , and set K n = 
Im(fcj). Then the truncation 

F+ = (0 -> K n -> F n ^ ■■■^Ufo^N^O) 
is also a proper flat resolution of N . 

Proof. Note that Remark 11.41 implies that F + is exact, so F + is also exact. A 
standard version of Schanuel's Lemma implies that K n is flat. Let G be a fiat 
i?-module. We need to show that Hom#(G, F + ) is exact. The left exactness of 
Hom R (G, — ) shows that Hom R (G, F + ) is exact in degrees ^ n — 1. The fact that 
F is proper provides the exactness in degrees < n — 1. □ 

Remark 1.6. The difference between flat resolutions (in the usual sense) and 
proper flat resolutions is subtle. For instance, every i?-module has a proper flat 
resolution since J-(R) is precovering by [3]. However, some flat resolutions arc 
proper, and others are not. Moreover, the next example shows that even bounded 
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flat resolutions need not be proper. On the other hand, Lemma 11.51 shows that 
the classical flat dimension of ./V is the same as fd_fj(A), that is, the homological 
dimension defined using flat resolutions (in the usual sense) is the same as the ho- 
mological dimension defined using proper flat resolutions. See also Proposition [572] 
Of course, these subtleties to not come up for pd and id since projective resolutions 
and injective coresolutions are automatically proper. 

Example 1.7. Assume that (R, m, k) is a local, non-complete, Gorenstein domain 
such that dim(i?) = 1. For instance, we can take R = 1(j>) or fc[A](x) where k is a 
field. The augmented minimal injective resolution of R (over itself) has the form 

X = (0^R^Q^E^0) 

where Q = Q(R) is the field of fractions of R and E = Eu(k) is the injective hull 
of k. This is also an augmented flat resolution of E, in the usual sense. To show 
that this flat resolution is not proper, we show that Hoinfj(i?, X) is not exact 

Hom^ffl, X) = (0 -> ~Rom R {R, R) ->• Rom R {R, Q) HoniR ^ a \ Horn^-ft, E) -> 0) 

where R is the m-adic completion of R. (This suffices since R is flat over R.) In 
fact, the right-most homology module in this complex is 

Coker(Hom fi (E, a)) = Ext R (R,R) 

which is non-zero by [8] Main Theorem 2.5]. See also [U Propositions 4.2 and 4.5] 
for specific computations of Ext^(.R, R). 

Semidualizing Modules and Relative Homological Algebra. 

Semidualizing modules, defined next, form the basis for our categories of interest. 
These objects go back at least to Vasconcelos [IB] , but were rediscovered by others. 

Definition 1.8. A finitely generated i?-module C is semidualizing if the natural 
"homothety morphism" R — > Hom^(C, C) is an isomorphism and Ext^.(C, C) = 
for i ^ 1. An R- module D is dualizing if it is semidualizing and has finite injective 
dimension. 

Let C be a semidualizing i?-module. We set 

Vc(R) = the subcategory of modules M = P ®rC for some P G V{R) 

Tc(R) — the subcategory of modules M = F C for some F G J-{R) 

Ic{R) = the subcategory of modules M = Homfl(C, /) for some / G X{R). 

The i?-modules in Vc{R), Fc{R) and %c(R) are called C '-projective, C-flat and 
C '-injective, respectively. 

Remark 1.9. Let C be a semidualizing i?-module. In [TO] Holm and White prove 
that the classes Vc(R) and Tc(R) are closed under coproducts and summands and 
the class Ic(R) is closed under products and summands. Also, they proved that the 
classes Vc(R) and Fc{R) are precovering, and the class Tc{R) is preenveloping. 
Since R is noetherian and C is finitely generated, it is straightforward to show that 
the class Tc{R) is closed under products, and Tc(R) is closed under coproducts. 

Remark 1.10. Let C be a semidualizing i?-module. Then C is cyclic if and only if 
it is free, if and only if C = R. Similarly, pd R (C) < oo if and only if C is projective 
(necessarily of rank 1). If R is Gorenstein and local, then C = R. If R —> S is a 
flat ring homomorphism, then S ®r C is a semidualizing ^-module. In the local 
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setting, these facts are discussed in [12j Section 1]. For the non-local case, see [TTJ 
Chapter 2]. 

The next classes were also introduced by Vasconcelos [16]. 

Definition 1.11. Let C be a semidualizing i?-module. The Auslander class with 
respect to C is the class Ac(R) of i?-modules M such that: 

(i) Torf (C, M) = = Ext^ (C, C ® R M) for all i > 1, and 
(m) the natural map M — > Hom^(C, C ®r M) is an isomorphism. 
The Bass class with respect to C is the class Bc(R) of R- modules M such that: 
(i) Ext jj(C,M) = = Torf (C,Hom i j(C,M)) for all i > 1, and 

(m) the natural evaluation map C (8>n Hoixifl (C, M) — -> M is an isomorphism. 

Remark 1.12. Let C be a semidualizing i?-module. The classes Ac{R) and Bc(R) 
satisfy the "two-of-three property": given an exact sequence — > Mi —> M 2 — > 
A/3 — > of R- module homomorphisms, if two of the Mi are in Ac{R) or in Bc(R), 
then so is the third Mi] see (THl Corollary 6.3]. 

The class Ac(R) contains all R- modules of finite flat dimension and all modules 
of finite Xc-injective dimension. The Bass class Bc{R) contains all i?-modules of 
finite injective dimension and all modules M such that there is an exact sequence 

-)• L n -> ► L -> M -> 

such that each Li € Fc{R)', hence all modules of finite "Pc-projective dimension. 
(See [101 Corollary 6.1] and [HI 1.9] )Q See also Proposition E2 
Foxby equivalence [El Theorem 2.8] states the following: 

(a) An i?-module M is in B C (R) if and only if Eom R (C,M) £ A C (R). 

(b) An i?-module M is in A C (R) if and only if C ®r M 6 S c (i?). 

The Auslander and Bass classes for C = R are trivial: Br{R) = M(R) = Ar(R). 

The next two results are for use in the proofs of Propositions 14.31 and 15.21 

Lemma 1.13. Let C be a semidualizing R-module, and let X, Y be R-complexes 
such that Xi,Yi G Ac(R) for each index i. Assume that X and Y are both either 
bounded above or bounded below. 

(a) If X is exact, then so is C (gin X . 

(b) If f : X — > Y is a quasiisomorphism, then so is C ® r f ' : C <S>r X — > C <g>R Y . 

(c) If X and Y are quasiisomorphic and bounded below, then so are C <S>rX and 
C® R Y. 

Proof, (jaj) The result holds if A is a short exact sequence, since Torf (C, Aj) = 
for each i. The general result follows by breaking A into short exact sequences. 
Note that this uses the two-of-three property for Ac{R) from Remark 1 1.1 21 
(|b| This follows by applying part (jaj) to the mapping cone of /. 



^Note that there seems to be a bit of ambiguity in |10l Corollary 6.1]. Before 1101 1.3] the 
authors state that all resolutions are defined by precovers. In |10l 1.3], the authors define proper 
resolutions in terms of precovers, but in 1101 1.4] they define X-pd in terms of ^-resolutions, with 
no mention of properness. Then in 1101 Corollary 6.1], the authors are clearly assuming that their 
bounded augmented resolutions are exact. For Tc pd and 3-C~ id, this is covered in [151 Corollary 
2.10], which we recall in Fact 11,151 However, Jxr-pd is not covered there, at least not explicitly. 
We take care of this in Proposition [52] 
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jcj) This follows from part (JbJ , since there are quasiisomorphisms / : P — > X and 
g: P — > Y for some bounded below complex P of projective f?-modules. Note that 
this uses the fact that every projective R- module is in Ac(R)', see Remark ll.121 □ 

Similarly, we have the following. 

Lemma 1.14. Let C be a semidualizing R-module, and let X, Y be R-complexes 
such that Xi,Yi £ Bc{R) for each index i. Assume that X and Y are both either 
bounded above or bounded below. 

(a) If X is exact, then so is Homft(C, X). 

(b) If f ': X — > Y is a quasiisomorphism, then so is Honifl(C, /) : Hom^(C, X) — > 
Rom R (C,Y). 

(c) If X and Y are quasiisomorphic and bounded above, then so are Hom R (C, X) 
and Hom R (C, Y). 

Next, we recall some results from [121 Corollary 2.10 and Theorem 2.11]. It 
compares directly to Proposition 1 5. 2 1 

Fact 1.15. Let C be a semidualizing i?-module, and let M be an i?-module. 

(a) One has Vc-pd R (M) ^ n if and only if there is an exact sequence 

->• L n -> ► L -> M -> 

such that each Li £ Vc(R)- 

(b) One has Xq- id R (M) ^ n if and only if there is an exact sequence 

-> M -> J° -> >• J" -)• 

such that each J 1 G Xc(R). 

(c) Pc-pd fl (M)=pd R (Hom fl (C,M)). 

(d) X c -id R (M) =id R (C®RM). 

(e) 7Vpd fi (C ® fl M) = pd R (M). 

(f) X c -idfl(Hom fl (C,Af)) = ida(M). 

The following functors are studied in [T21 [TS] . We work with them in Proposi- 
tions I3.14H3.1B1 and use them in the proof of Theorem 15.61 

Definition 1.16. Let C be a semidualizing i?-module, and let M and N be 
i?-modules. Let L be a proper 'Pc'-resolution of M, and let J be a proper Xq- 
coresolution of N. For each i, set 

Ext), oM (M,N) := H_ i (Hom ii ( J L,iV)) 
Ext^, Xc (Af,iV) := H_i(Hom H (M, J)). 

Fact 1.17. Let C be a semidualizing i?-module, and let M be an i?-module. Given 
an integer n ^ 0, we know from [HI Theorem 3.2(b)] that the following conditions 
are equivalent: 

(i) Ext^ Io (-, M) = for all i > n; 

(ii) Ext^+ r 1 c (-,M) = 0; and 
(hi) X c -id R {M) < u. 
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Relations Between Semidualizing Modules. 

Over a local ring, the "isomorphism" relation on the class of semidualizing mod- 
ules is pretty good at distinguishing between semidualizing modules with different 
properties. For instance, if B and C are semidualizing modules over a local ring, 
then Bc(R) — Bb(R) if and only if C = B; see [7] for this result and other similar 
results. On the other hand, when R is not local, one has to work a bit harder 
to distinguish between homologically similar semidualizing modules. The following 
discussion is also from [7]. 

Definition 1.18. Let Pic(i?) denote the Picard group of R. The elements of Pic(i?) 
are the isomorphism classes [P] of finitely generated rank 1 projective i?-modules 
P, that is, the finitely generated projective i?-modules P such that P m = R m for 
all maximal (equivalently, for all prime) ideals m C R. The group structure on 
Pic(i?) is given by tensor product [P][Q] = [P ®r Q], and the identity in Pic(i?) is 
[R). Inverses are given by duality = [Hom R (P, R)], and similarly for division: 

[P]- 1 [Q] = [Rom R (P,Q)}. 

Let &o(R) denote the set of isomorphism classes [C] of semidualizing i?-modules. 

Fact 1.19. Let M be an i?-module. Then M is a finitely generated rank 1 pro- 
jective i?-module if and only if M is a semidualizing i?-module of finite projective 
dimension, by [7, Remark 4.7]. So we have Pic(i?) C & Q (R). Also, there is an 
action of Pic(i?) on & (R) given by [P][C] = [P® R C\. 

Definition 1.20. The equivalence relation defined by the action of Pic(i?) on 
&o(R) is denoted «: given [B], [C] G & {R) we have [B] « [C] provided that 
[B] and [C] are in the same orbit under Pic(i?), that is, provided that there is an 
element [P] G Pic(iZ) such that C = P® R B. Write B « C when [B] « [C]. 

Fact 1.21. Given semidualizing i?-modules B and C, the following conditions are 
equivalent: 

(|) b « a 

(ii) B m = C m for all maximal (equivalently, for all prime) ideals m C R. 

(iii) B B {R)=B C (R). 

(iv) A B (R)=Ac(R). 

(v) B G B C {R) and C G B B (R). 

See [7j Theorems 1.4, Propositions 5.1 and 5.4]. 

Lemma 1.22. Let B and C be semidualizing R-modules such that B w C , and 
let [P] G Pic(ii) such that C = P ® R B. Then one has V B {R) = V C {R) and 
F B {R) ^Tc{R) and 1 b (R) =1 c (R). 

Proof. Let Q be a projective i?-module. The assumption C = P ® R B implies that 

C® R Q= (P® R B) <S> R Q = B ®fl (P® R Q). 

Since P <8>_r Q is projective, this implies that Vc(R) £ Vb{R)- The reverse con- 
tainment is proved similarly, using the isomorphism B = Hom/?(P, R) (& R B. The 
equalities J-b{R) = J-c{R) and Ib{R) = Tc(R) are verified similarly. □ 

Two Lemmas on Semidualizing Modules. 

The next two results are for use in Section |H 

Lemma 1.23. Assume that (R,m,k) is local, and let C be a semidualizing R- 
module. Consider the following conditions: 
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(i) C^R. 

(ii) C ®r C is free. 

(iii) pd R (C<gi R C) < oo. 

Then one has (JTJ) -<=>■ (JTTJ) => jmj . If R is artinian, then the conditions (UJ - dm)) 
are equivalent. 

Proof. The implications (P ((TTJ) ==>• ([m]) arc straightforward. When R is ar- 
tinian, the implication (jm]) =>• ((TTJ) follows from the Auslander-Buchsbaum formula. 

© =>■ Assume that C <g>ij C is free, and let /3 = (3q(C) denote the minimal 
number of generators of C . By Nakayama's Lemma, the module C®rC is minimally 
generated by /3 2 many elements, so we have C ®r C = R@ . On the other hand, 
the surjection R@ -» C gives a surjection 

c^c® R c^ r 132 

by right exactness of tensor product. This splits, so R@ is a direct summand of 
. Taking endomorphism rings, we conclude that End(i?' 3 ") = R? is a direct 
summand of End^C 3 ) = R@ 2 . In particular, this implies that /3 4 ^ (3 2 , which 
implies that (3 = 1. It follows that C is cyclic, so C = R by Remark ll.101 □ 

For perspective, the ring R in the next result is isomorphic to the "trivial exten- 
sion" or "idealization" k k k 2 . 

Lemma 1.24. Let k be a field, and set R = k[X, Y]/(X, Y) 2 . If C is a non-free 
semidualizing R-module, then C is dualizing for R and C &)r C = k 4 . 

Proof. As C is not free, it is non-cyclic by Remark ll.101 so we have [3 := (3q{C) ^ 2. 
The ring R is local with maximal ideal m = (X, Y)R such that m 2 = 0. 

We first show that C is dualizing for R. Since C is non-free, and m 2 = 0, it 
follows that there is an exact sequence 

^ fc a -> R p -*C G 

with a^O. The conditions Ext^(i?, C) = = Ext J fl (C, C) for alH ^ 1 imply that 
Exi l R (k a , C) = for all i ^ 1. We have a ^ 0, so Ext R (k, C) = for all i ^ 1. Thus 
C has finite injective dimension, and C is dualizing by definition. 

The structure of the dualizing module for this ring is pretty well understood. 
For instance, we have f3 = n R (R) = 2. Moreover, we can describe C in terms of 
generators and relations, as follows. The multi-graded structure on R is represented 
in the following diagram: 

* f 

• — »-^- 

where each bullet represents the corresponding monomial in R. It follows that 
C = En(k) = k ■ X^ 1 k ■ Y~ x © k • 1 with multi-graded module structure given 
by the formulas 



X ■ 1 = 
Y ■ 1 =0 



x -x- 1 = 1 

Y -Y- 1 = 1 



X ■ Y- 1 = 
Y ■ X^ 1 =0. 
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In other words, the multi-graded structure is represented by the following diagram: 

-<r-m — • 

c 

where each bullet represents the corresponding monomial in C. Using this grading, 
one can show that C D RY^ 1 = R/XR and C/RY^ 1 = k. In particular, there is 
an exact sequence 

-> R/XR^ C -> k ->0. (1.24.1) 
Also, we see that XC = k ■ 1, so C/XC = k 2 . 

We claim that 4 ^ lenR(C<g>_RC) ^ 6. To check this, consider the exact sequence 

0^fc^C^fc 2 ^0 

coming from the equalities (3 = 2, len^(C) = 3, and m 2 = 0. The right exactness 
of C ®r — implies that the next sequence is exact: 

C ® R k ->• C ® R C -> C ® R k 2 -> 0. 

Since C ®r k = fc' 3 = fc 2 , it follows that 

4 < len^C ® fl C) < 4 + 2 = 6 

as claimed. 

Next, we show that len^(C ®r C) ^ 4. For this, we apply C ®r — to the 
sequence (|1.24.1[) to obtain the next exact sequence 

C/XC -^C ® R C ^C® R k^Q. 

As we noted above, we have C/XC = k 2 = C &>r k, so additivity of length implies 
that len fl (C ® R C) < 4. 

It follows that \en R (C® R C) = 4. Also, we have (3 (C®rC) = f3 (C) 2 = 1 = 4, 
by Nakayama's Lemma. That is, the modules C <3r C and (C ®r C)/m(C <8>,r C) 
both have length 4. Since (C C)/m(C ®_r C) is a homomorphic image of C ®i{ C, 
it follows that C 2)r C = (C ®r C) /m(C ® R C) = fc 4 as desired. □ 

2. Proper Resolutions 
Throughout this section, C is a semidualizing i?-module, and M is an i?-module. 

The results of this section document some properties of proper J^-resolutions 
and proper 'Pc-resolutions. We begin with some notation. 



Construction 2.1. Let F be a flat (e.g., projective) resolution of tIoniR(C, M). 

F+ = ■ ■ ■ Ft ^ F A Hom fl (C, M) -> 0. 

Let £^ : C ®r Horn^C, M) — s> M denote the natural evaluation map, and let 
(C ® R F)^ 1 denote the following complex 



(C 0^ F) = U C Ft C ® fl F -^-^ ^> M -> 

where C ®r Hom^C, M) — ^ M is the natural evaluation map. In other words, 
(C ®i{ F) ± is obtained by augmenting the complex C <S>r F by the composition 

C ® R F -^^> C ® R Uom R (C, M) ^ M. 
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The next lemma is implicit in |15j . 

Lemma 2.2. (a) If F is a proper flat resolution ofHom R (C,M), then C ® R F is 
a proper Tc -resolution of M . 

(b) If G is a proper Tc -resolution of M , then Hom/j(C, G) is a proper flat resolu- 
tion of Hom^(C, M) . 

(c) If P is a projective resolution of Homjj (C,M), then C ® R P is a proper Vc~ 
resolution of M . 

(d) If Q is a proper Vc '-resolution of M , thenHom R (C,Q) is a projective resolution 
ofRom R (C,M). 

Proof, (gj) To show that C ® R F is a proper J^-resolution of M, it suffices to show 
that the complex (C ® R F)^ 1 from Construction 12. f I is Hom^(J r c, — )-exact. Let L 
be a flat i?-module. We need to show that the complex Hoitir(C ® r L, (C ® r F)^) 
is exact. This complex has the following form. 

>Rom R (C® R L,C® R Fi) ->■ Hom Jt (C(g)_ R L, C® R F ) Hom R (C® R L,M) ->■ 

By Hom-tensor adjointness, this is isomorphic to the next complex where (— )' = 
Hom fl (C,C ® R -): 

> Hom R {L,F{) Kom R (L,Fo) -)• Uom R (L, Hom fl (C, M)) -> 0. 

Since each F^ is in Ac{R), this is isomorphic to a complex of the following form: 

► Hom fl (L,Fi) Hom R (L,F ) -> Hom R (L, Hom fi (C, M)) -> 0. 

It is straightforward (but tedious) to show that this complex is isomorphic to 
Hom R (L, F + ) which is exact since F is a proper flat resolution of Hom R (C, M). 
Thus, (C ® R P)"* 1 is Rom R (Fc, — )-exact, as desired. 

(jbj For each C-flat module Y, the module Hom R (C, Y) is flat. Thus, the fact 
that Hom R (C, G) is a proper flat resolution of Hom R (C, M) follows as in part (jaj). 

Parts (jcj and fdj are proved similarly. □ 

Lemma 2.3. Let X be an R-complex. Then X is Hom R (Pc > —)-exact if and only 
if Honif? (C, X) is exact. 

Proof. The forward implication is from the condition C £ Vc{R)- For the re- 
verse implication, let P be a projective i?-module. Since Hoitir(C, X) is ex- 
act, the fact that P is projective implies that the complex Hom^(C ® R P,X) = 
HoniR(P, Hom#(C, X)) is exact, as desired. □ 

The next result is the first of several applications of Lemma l2~2l We do not know 
whether the corresponding result for proper J^-resolutions holds. See, however, 
Corollary 15. 31 

Proposition 2.4. Let R — » S be a flat ring homomorphism. If L is a proper Vc~ 
resolution of M over R, thenS® R L is a proper 'Vs<s> R c -resolution of S® R M over 
S. 

Proof. We augment S® R L in the natural way, via the given augmentation for L, so 
that we have (S® R L) + = S <® R (L + ). Thus, the notation S<3 R L + is unambiguous. 

To show that S ® R L is a proper Ps® ^-resolution of S ® R M, first note that 
each module in L is of the form Lj = C ® R Pi for some projective R- module Pi. 
Hence, the module S ® R Pi is projective over S. The isomorphisms 

S ® R L t * S ® fl (C <g>i? Pi) S (5 ®ij C) ®s (5 (g) fl Pi) 
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imply that S ®_r Li e Vs® R c(S). 

Next, since L is a proper Pc-resolution of M over R, the complex Hoiti,r(C, L + ) 
is exact. The fact that S is flat over R implies that the next complex 

Rom s (S ®r C, S ® R L+) ^S® R Rom R (C, L+) 

is also exact. Hence, Lemma 12.31 implies that S 'Sir L + is Horns {T J S® R c, — )-exact, 
so S ®r L is proper, as desired. □ 

The previous result works for projectives, but not necessarily for flats. On the 
other hand, the next result works for flats, but not for projectives. 

Proposition 2.5. Let R — » S be a flat ring homomorphism. Assume that M is 
an S-module, and let L be a proper Ts® R c -resolution of M over S. Then L is a 
proper Tc -resolution of M over R. 

Proof. Each module Li is of the form Li = (S i£>r C) ®s F — G ®r Fj for some flat 
S- module Fj. Since S is flat over R, it follows that each Fj is flat over R, so each 
Li is in Tc(R). To show that L is proper over R, let G be a flat R- module: 

Rom R (C ® fl G, L+) = Rom R (C ® R G, Horns^, L + )) 

^Hom s (S® fl (C® R G),L+) 

- Rom s ((S ® R C) ® s (S ®r G),L+). 

Since G is flat over R, we know that S ®r G is flat over S, and it follows that 
(S ®r C) ®s {S ®r G) is S ® R C-flat over S. Thus, the fact that L is proper over 
S implies that the displayed complexes are exact, so L is proper over R. □ 

Of course, localization gives useful examples of flat ring homomorphisms. 

Corollary 2.6. Let U be a multiplicatively closed subset of R. If L is a proper 
Vc -resolution of M over R, then U~~ 1 L is a proper V[j-i c -resolution of U~ 1 AI 
over U~ 1 R. 

Corollary 2.7. Let U be a multiplicatively closed subset of R, and assume that M 
is a U~ 1 R-module. If L is a proper Tu-ic-resolution of M over U R, then L is 
a proper Tc -resolution of M over R. 

The proofs of parts (jg) and jb| of the next result are necessarily different because 
Hoijir(L. — ) does not commute with coproducts in general. 

Lemma 2.8. Let {Mj}j<=j be a set of R-modules. For each j S J, let Xj be a 
proper J-q -resolution ofMj, and let Yj be a proper Vc -resolution ofMj. 

(a) The product ■ Xj is a proper Tc -resolution o/JJ ■ Mj. 

(b) The coproduct TJ^. Yj is a proper Vc -resolution of Jj^ Mj. 

Proof, (jaj Since Tc(R) is closed under products by Remark [l.9[ the complex ■ Xj 
consists of modules in Tc(R). The augmentation map for (JJ . Xj) + is the natural 
one induced on products, so we have (n,--^j) + = II j ' ^° snow tnat tms 
complex is Hotiir(Tc , — )-exact, let L G Tc{R) and compute: 

Hom fl (i, n, X+) S n< Hom^(L, Xf). 

Since each complex HoniR(£, ) is exact by assumption, the same is true of the 
displayed complex, as desired. 
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jbj As in part (jaj), the modules in ]J ■ Yj are C-projective. To show that ]J • Yj is 
proper, Lemma T2.3I shows that we need only check that Hom R (C, TJ^ Y J + ) is exact. 
Since C is finitely generated, we know that Homft(C, — ) commutes with coproducts, 
so the desired result follows as in the proof of part (jaj). □ 

3. Relative Homology 
In this section, C is a semidualizing i?-module, and M and N are i?-modules. 

In our setting, there are four different relative Tor-modules to consider. They are 
gotten by resolving in the first slot by modules in Vc(R) or Tc(R), and similarly 
for the second slot. 

Definition 3.1. Let Q be a proper Pc-resolution of M, and let G be a proper 
J-c-resolution of M, For each i 0, set 

Torf cM (M,N) :=Ui(Q® R N) Torf 4Vc (N, M) :=Hi(N® R Q) 

Torf cM (M, N) := Hi(G ® fl N) Tov^ c (N, M) := R,(N ® R G). 

Remark 3.2. The properness assumption on the resolutions in Definition 13 . 1 1 guar- 
antee that these relative Tor constructions are independent of the choice of resolu- 
tions and functorial in both arguments. See [BJ Section 8.2]. Also, there are natural 
transformations of bifunctors 

Tor^- M (-, -) -> - ® R - Tor^°(- -) -+ - ® H - 

Tor^- M (-, -) -> - ® R - Tor^°(-, -) -+ - ® R -. 

In general, these are not isomorphisms, as we see in Example 14. II below. 
Given the symmetric nature of the definitions, one has 

Torf oM (M, N) Si Torf 4 ^ (N, M) Torf ° M (M, N) Si Torf F ° (N, M). 

Thus, every result for Torf c (— , — ) has a companion result for Torf ' Pc (— , — ), 
and similarly for r Tovf cM {— , — ) and Torf J7c (— , — ). For the sake of brevity, we do 
not state both versions explicitly in most cases. 

Example 3.3. In the trivial case C = R, we have ^(R) = J~(R) and V R (R) = 
V(R), and the relative Tors are the same as the absolute Tors. 

Toif« M {-, -) Si Torf p «(-, -) = Tot[« m (-, -) = Torf -) Si Torf (-, -) 

The following long exact sequences come from [SJ Theorem 8.2.3]. 

Proposition 3.4. Let L — (0 — > V — >• L — >• L" — > 0) 6e a complex of R-modules. 

(a) 7/L is HoniR ('Pes — )-exaci fie., i/Hom^(C7,L) is exact, e.g., if L' G Bc{R)), 
then there is a long exact sequence 

■ ■ • Torf C - M (i", N) -> Tor^^CL', AT) -> Tor^ c - M (L, AT) -> Tor^^i", AT) -> 

i/ioi is natural in L and A\ 

(b) 7/L is Homjj(Jxr, —)-exact, then there is a long exact sequence 

■ ■ • Torf cM (L", N) -> Torf cA4 (i', AT) -> Tot£ oM (L, N) -> Torf c ' M (L", AT) -> 

i/ia£ is natural in L and Af. 
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Construction 3.5. For each i, there is a natural transformation of bifunctors 

&: Tor? cM (-,-) -> Torf cA< (-,-). 

To construct Qi, let Q be a proper 'Pc'-resolution of M, and let G be a proper Tq- 
resolution of M. The containment Vc{R) Q J~c(R) implies that the augmented 
resolution G + is Hom^ ("Pc", —) -exact. As in the proof of the functoriality of the 
relative Tors, it follows that there is a morphism of complexes Q + — > G + that is an 
isomorphism in degree — 1. Furthermore, this morphism is unique up to homotopy. 
Thus, the induced morphism Q ®>r N — »• G ®r N gives rise to the desired map by 
taking homology. 

The next result compares to |15[ Theorem 4.1] which has similar formulas for 
relative Ext. This contains Theorem |A1 from the introduction. 

Theorem 3.6. For each i, there are natural isomorphisms 

Torf aM (M, N) ^ Tor? (Hom fl (C, M), C® R N)=> Torf aM (M, N) 

and the morphism Tor?° (— , — ) Tovf {— , — ) is an isomorphism. 

Proof. Let F be a proper flat resolution of Horn^C, M). Lemma l2.2fe j) implies 
that C ®r F is a proper J^-resolution of M, so we have 

Torf cM (M, N) SS Hi((C ®r F) ®r N) 

= Tor? (Hom fl (C, M), C ® R N). 

The naturality of this isomorphism comes from the naturality of the constructions, 
and similarly for Torf cM (M, N). 

Let P —> F be a lift of the identity map on Hom^ (C,M). Then the induced 
map (C ® R P) ± -> (C ®_r F) ± is of the form Q+ -4 G+, as in Construction 13.51 It 
follows that Qi (M, AT) is the map gotten by taking homology in the map 

(C ®r P) ® R N -4 (C ® fl F) ® fl iV. 

Of course, this is equivalent to taking homology in the map 

P ®R (C ® R N)^F ®r (C ®r N). 

The fact that Tor?(HoniR(C', M), C ®r N) can be computed using P or F implies 
that the induced maps on homology are isomorphisms, as desired. □ 

The assumptions on L in the next result are satisfied, e.g., when L is exact and 
L" g Ac(R). 

Corollary 3.7. Let L = (0 — > L' — > L — >• L" — >• 0) be a complex of R-modules such 
that C ®r, L is exact. Then there are long exact sequences 

■ ■ • Torf cM (iV, L") -> Tor£° M (N, L') -> Toi% oM (N, L) -> Tor^^iV, L") -4 

• • • Torf cM (iV, L") -> lbrf oA< (JV, Z/) -4 TorJ cM (iV, L) -4 TorJ cM (iV, L") -> 

that are natural in L and N . 

Proof. Apply C ®r — to get the exact sequence 

Q ^ C ® R L 1 ^ C ® R L ^ C ® R L" ^ 0. 

Now take the long exact sequence in Tor? (HoniR(C, N),—) using Theorem l3.6l □ 
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Theorem 13.61 allows for a certain amount of flexibility for relative Tor, in the 
same way that flat and projective resolutions give flexibility for absolute Tor. For 
instance, in the next result, it is not clear that a finitely generated module M has 
a proper J-"c-resolution L such that each Li is finitely generated. 

Proposition 3.8. Assume that M and N are finitely generated over R. For all i 
the modules Torf oM (M, N) and Torf° M (M, N) are finitely generated over R. 

Proof. Since C, M and N are finitely generated, so are Hom^C, M) and C ®r N, 
and hence so is Torf (Hom/{(C, M), C ®r N). Thus, the desired conclusion follows 
from Theorem 13.61 

Alternately, given a degreewise finite i?-free resolution F of Hom^ (C, M), the 
complex C®rF is a degreewise finite proper 'Pc-resolution of M by Lemma E^lj cjl. 
It follows that the complex (C <S>r F) <S>r N is degreewise finite, so the homology 
modules Torf c M (M, N) S Torf aM (M, N) are finitely generated over R. □ 

Proposition 3.9. Let {Nj}j^j be a set of R-modules. 

(a) For each i, there are isomorphisms 

Torf (Mj jj . Nj) s jj . Tm v c M (Mj Nj) 

Torf- M (U j N j ,M)^U j ^ M (N j ,M) 

and similarly for Tor" 7 ^^. 

(b) If M is finitely generated, then for each i, there are isomorphisms 

Tot?° m (M, JX Nj) - Uj Tor?° M (M, Nj) 
Tor^ M (U j N j ,M)^U j ToT^ M {N j ,M) 



and similarly for Tor 



Proof, (jaj) For the first isomorphism, let X be a proper Pc-resolution of M, and 
use the isomorphism X®#TJ^. Nj = ]J ■ X®rNj. For the second isomorphism, use 
Lemma I^St lb)) . The isomorphisms for Tor 7 ^ follow using Theorem 13.61 

(jb| If M is finitely generated, then — <3r M commutes with arbitrary products. 
Hence, the isomorphism Torf cM (Uj N j: M) = FJ j Tor f ° M i N j > M ) follows from 
Lemma [2~8lf ajl . and the corresponding isomorphisms for r YoY PcM follow using The- 
orem 13.61 Finally, as in the proof of Proposition 13. 8[ the module M has a proper 
Pc-resolution X such that each Xi is finitely generated. Hence, the functor X ®r — 
respects arbitrary products, and the final isomorphisms follow. □ 

Next, we discuss flat base change. 

Proposition 3.10. Let R — s> S be a flat ring homomorphism. Then for all i there 
are S-module isomorphisms 

Torf s ® RcA4 (5 ® R M, S® R N) = S® R Torf cM (M, N) 
Torf s ®« cM (S ® R M, S® r N) = S®r Toif oM (M, N). 



Proof. In view of Theorem 13. 6[ it suffices to justify the first isomorphism. Let L 
be a proper Pc-resolution of M. Proposition 12.41 implies that S ®r L is a proper 
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'PsigiRC-resolution of S <gi R M. This explains the first step in the next sequence 

= Hj(5 (L ® R N)) 

= S <& R Hi(L 

S S® K Torf cA "(M, AT). 

The third isomorphism is by the i?-flatness of S. □ 

Of course, localization is a special case of flat base change: 

Corollary 3.11. Let U be a multiplicatively closed subset of R. Then for alii there 
are U~ 1 R-module isomorphisms 

Tor? u - loM ■(U- 1 M,U- 1 N) = U' 1 Torf cA1 (Af, N) 

Tor( u - loM ■{U- 1 M,U~ 1 N) = U' 1 Torf cA/, (M, N). 

Proposition 3.12. Let R — > S be a flat ring homomorphism, and assume that N 
is an S-module. Then for all i there are S-module isomorphisms 

TorT s ®* cA V ®R M, N) Si Tovf cM (M, N) 

Tol f s ®n cM ( S ® R M , N) Si Toy[ cM (M, N). 

Proof. As in the proof of Proposition 13.101 the first isomorphism in the next se- 
quence is from Proposition 12.41 

Torf s ® flcM (S ® R M, N) Si Hi((5 ® fl L) ® s N) Si Hi(L ® fl AT) Si Torf cA< (M, AT). 
This is the first of our desired isomorphisms; the second one follows by 13.61 □ 



Proposition 3.13. Let R —> S be a flat ring homomorphism, and assume that M 
is an S-module. Then for all i there are S-module isomorphisms 
Tov Ps® R oM {s ^ ^ N) ^ Tor ^ c M Ar) 

Torf S8flC - M (5 ® fl M, N) Si Torf c ' M (M, AT). 

Proof. Let L be a proper J^^^c-resolution of M over S". Proposition 12.51 shows 
that L is a proper J^-resolution of M over i?. The desired isomorphisms now 
follow as in the proof of Proposition 13.121 □ 

The next three results provide relative versions of some standard results for 
absolute homology, beginning with Hom-tensor adjointness. 

Proposition 3.14. Let L be an infective R-module. For all i^ Q one has 

Extfp oM (M,TIom R (N,I)) Si Rom R (Toif oM (M,N),I) (3.14.1) 
Ext i MXo (M,Bam R {N, I)) = Hom^Torf 1 Vc (M,N),I). (3.14.2) 
Proof. The first isomorphism in the next sequence follows from |15[ Theorem 4.1] 
Ext^ cM (M,Uom R (N,L)) Si Ext^(Horn R ((7, M), Hom fl (C, Uom R (N, I))) 

= Ext*j(Hom R (C, M), Hom fl (C ® R N, I)) 
Si Hom K (Torf (Rom R {C, M), C ® R N),I) 
Si Hom H (Torf ° M (M, N),I). 
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The second isomorphism is by Hom-tensor adjointness, and the remaining steps 
follow from Theorem 3.2.1] and TheoremEU This explains (|3.14.1j) . and (|3.14.2|t 
is established similarly. □ 

The next result is a version of tensor evaluation for relative Ext. 

Proposition 3.15. Assume that M is finitely generated over R, and let F be a 
flat R-module. For all i ^ Q there are isomorphisms 

Extj^jM, N) ® R F = Ext^ Ic (M,iV ® R F) (3.15.1) 
Ext^ cM (M 7 N) ® R F S Ext^(M, N ® R F). (3.15.2) 

Proof. The isomorphism (|3.15.ip follows from the next display 

Ext A4i c ( M > N ) ®R F ~ Ext k(C ®ii M , C ® R N) ® R F 
S Ext^(C ® B M, (C ® fl iV) ® fl F) 
= Ext^(C ®ij M, C ® fl (iV ® fl F j) 
= ExtV, Io (M,iV® fl F) 

which is from [HI Theorem 4.1] and [6l Theorem 3.2.15]. The isomorphism (|3.15.2j) 
is established similarly. □ 

Next, we have a version of Horn-evaluation for the relative setting. 

Proposition 3.16. Assume that M is finitely generated over R, and let I be an 
injective R-module. Then for all i there are isomorphisms 

Toif cM (M,Uom R (N,I)) = Hom fl (Ext^ cM (M, N), I) (3.16.1) 
Torf 4 ^ (M, Rom R (N, I)) S Hom Ji (Extj vlIc (M,iV),7). (3.16.2) 

Proof. The first isomorphism in the next display is from Theorem 13.61 

Torf cM (M, Rom R (N, I)) S Torf (Rom R (C, M), C <E> R Eom R (N, I)) 

= Torf (Rom R (C, M), Hom fl (Hom fl (C, N),I)) 
= Hom fl (Ext* fl (Hom fi (C, A I) , Hom fl (C, N)),I) 
^Kom R (Extip cM (M,N),I). 

The second and third isomorphisms are from |6j Theorem 3.2.11 and 3.2.13], and 
the fourth isomorphism follows from jT5J Theorem 4.1]. This explains (|3.16.1[) . 
and (|3.16.2p is established similarly. □ 

4. Comparison of Relative Homologies 
In this section, B, C are semidualizing i?-modules, and M, N are i?-modules. 



Using Theorem l3.6[ we show that relative Tors do not satisfy the naive version of 
balance, that they are not commutative, and that they do not agree with absolute 
Tor in general. 
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Example 4.1. Assume that (R, m, fc) is local and that C is not free, that is, that 
C is not cyclic. We show that 

Torf cM (fc, C) £ Torf ^ c (k, C) 

Torf cA4 (C, k) ¥ Torf cA4 (fc, C) 

Tor{ cM (k,C) ^Torf(fc,C) 

for all i, at least in a specific example. 

Let p = ffi(C) > 2. It is straightforward to show that Torf ^ (fc, C) = for 
all i > 1 and that Torf ^ (fc, C) ^ k ® R C fc/ 3 ; see also Proposition gj] and 
Theorem 15.61 From Theorem ESI we have 



Tor^^A;, C) = Hom fl (C, fc) ® R (C ® R C) = fc' 3 0^ (C* ® fl C) S fc* 33 . 

This is not isomorphic to 

Torf (C, fc) = Tor^(C, fc) = fc' 3 = Torf ^ c (fc, C) 

as p > 2, so Tbrf cJW (C, fc) ^ Torjf ^ (fc, C*) £ Torf -^(fc, C) and Tor^ cA4 (fc, C) £ 
Torf(fc,C). 

Again using Theorem 13. 61 for i 1 we have 

Torf cA1 (fc, C) = Torf (Hom R (C, fc), C ® R C) S Torf (fc, C ®r C)^ (4.1.1) 

and 

Torf CjM (C, fc) = = Torf (fc, C). 

Thus, to show that Torf cM (C, fc) ^ Torf cA4 (fc, C) ¥ Torf ^ (A, C) in general, it 
suffices to find an example such that Torf (fc, C ® R C) ^ for all i 1, that is, 
such that pd ij .(C ®« C) = cx)Q This is supplied by Lemma H.23| assuming that R 
is artinian. 

Finally, we give a specific example where Torf oM (k,C) % Torf(fc,C) for all i. 
Note that gXP shows that Torf oM (fc,C) ^ k^ c ® RC \ Since Torf (A;, C) ^ 
fcft( c7 ) ) it suffices to provide an example where 

P-0i{C® R C)>pi(C) (4.1.2) 

for all i ^ 1. 

Set i? = fc[A,r]/(A,y) 2 , so we have m 2 = 0. Let C = Hom fc (i?,fc), which is 
dualizing for R and has P = H R (R) = 2. Lemma [1.241 implies that C &> R C = fc 4 , 
so we have 

ft(C ® fl C) = 4/3, (fc) = 4 • 2 l = 2' 1+2 (4.1.3) 

for all i ^ 0. Also, we have lenfl(C) = 3. Since m 2 = 0, it follows that there is an 
exact sequence 

0^k 3 ^R 2 ^C^0 (4.1.4) 

which implies that Pi(C) = 3. Dimension shifting in the sequence (|4.1.4p implies 
that 

pi(C)=3p i . 1 (k)=3-2 i - 1 

for all i 1. From this, one easily deduces the inequality (|4.1.2[) for all i 1, 
using (14.1.31) with the equality P = 2. 



2 We believe that this is true in general, under the assumption that C is not free; see [7|. 
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In general, Example 14.11 shows that many naive properties fail for relative ho- 
mology. We continue this section by giving some special cases where these naive 
properties do hold. 

Proposition 4.2. If the natural map C <E) R Hom R (C, M) — > M is an isomorphism 
(e.g., ifM G B C (R)), then Toi£ oM (M, -) = M ® R -. 

Proof. Again, by Theorem 13.61 we have 

Tov£ aM (M, A) S Eom R (C, M) ® R (C (g> fl A) 
S (Hom fl (C, M) ® R C) ® R A 
= M ® R A 

where the last isomorphism is from the assumption C ® R Hom^(C, M) = M. □ 

In general, we have Tovf cM (M, -) £ Torf (M, -) by Example PI even when 
M G Bc{R)- The next result gives conditions on M and A guaranteeing that the 
isomorphism Tor{° M (M, N) ^ Torf (M, N) docs hold. 

Proposition 4.3. If M G Bc(R) and A G Ac(R), then for each i there are 
isomorphisms 

Torf cM (M, N) Si Torf (M, N) 
Tot( cM (M, N) = Torf (M, A). 

Proof. Let P be a projective resolution of Hom R (C, M), and let Q be a projective 
resolution of N. Lemma [2?2lj c]) implies that C® R P is a proper "P^-resolution of M. 

We use the tensor product of complexes. Since Q is a bounded below complex 
of projective i?-modules, it respects quasiisomorphisms. This explains the second 
isomorphism in the next sequence: 

Torf (M, TV) SHi(M ® fl Q) 

^K t ((C® R P) ® R Q) 

= K t ((C ® R P) ® R A) 

= Tor? aM (M, A). 

The first isomorphism is from the balance of Tor. The fourth isomorphism is by 
definition. It remains to explain the third isomorphism. 

Since Q is a projective resolution of A, there is a quasiisomorphism Q ^> A. 
Since P is a bounded below complex of projective i?-modules, the functor P ® R — 
respects quasiisomorphisms. So there is a quasiisomorphism P <g> R Q P ® R A. 
Lemma [I.13lj b| implies that the induced map C<S> R P® R Q C® R P® R N is also 
a quasiisomorphism. By the associativity of tensor product, this implies that the 
complexes (C ® R P) ® R Q and (C ® R P) ® R N are quasiisomorphic; in particular, 
they have isomorphic homologies, as desired. □ 

The best results (as best we know) for balance and commutativity are the fol- 
lowing. 

Proposition 4.4. IfM G B B {R) n Ac(R) and N G B c (R)r\A B (R), then one has 
Toi( bM (M, A) = Torf Tc (M, N) for all i > 0. 
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Proof. Proposition 14. 31 implies that 

Tot{ bM (M,N) = Torf (M,N) Torf 1 ^ (M, A) 
for all i ^ 0. □ 

The next result is proved similarly. 

Proposition 4.5. If M,N G B C (R) n Ac(R), then one has Tor( cM (M,N) = 
Torf aM (N,M) for alli^O. 

We next give examples of some modules that satisfy the hypotheses of the pre- 
vious two results. First, we show how to find some modules in Bc(R) P\Ab(R) and 
B B {R)nA c (R)- 

Example 4.6. By [JJ Corollary 3.8], the following conditions are equivalent: 

(i) CeA B (R). 

(ii) B G Ac(R), and 

(iii) Torf (B, C) = for all z ^ 1 and B® R C is a semidualizing i?-module. 

For instance, if A is a semiduaizling i?-module such that A G Bc(R), then B = 
Homfl(C, A) satisfies these conditions with B <S)r C = A. 

Assume that the above conditions are satisfied. Then B G Bb{R) H Ac{R), 
and it follows that Fb{R) Bb(R) PI Ac(R)- By the two-of-three property from 
Remark 1 1.121 every module of finite J-s-projective dimension is in Bb(R) DAc(R)- 
Similarly, every module of finite J-c-projective dimension is in Bc(R) D Ab(R). 

Another class of modules like this is from [13l Fact 3.13]H Assume that R is 
Cohen-Macaulay with a dualizing module D. Then D G Bc(R), so the dual C' := 
Hoiiir(C, D) is a semidualizing i?-module such that C G Ac\(R). Every module of 
finite ^(7- , c)-projective dimension is in Bc{R) f~l»4 c t (i?), and every module of finite 
G (Vci )-projective dimension is in B c t (i?) fl Ac (R) by symmetry since C = . 
Also, every module of finite Q{Icf )-injective dimension is in Bc(R) riAci(R), and 
every module of finite C/(Ic)-injective dimension is in B^{R) H Ac{R). 

Finding modules that are in Ac(R) H Bc{R) is more difficult in general. 

Example 4.7. Assume that R is a domain. Then the quotient field Q{R) is both 
flat and injective, so it is in Ac(R) H Bc(R) for each semidualizing i?-module C. 

Of course, if £? = i? = C, then we have Tot{ bM (M, N) = Torf (M, AT) 
Torf^ (M , AT ) ; see Example 13.31 The following result shows that, in the local 
case, this is the only way to achieve balance of all M and A; it is Theorem [Bl from 
the introduction. We discuss the non-local case below because it requires more 
technology. 

Theorem 4.8. Assume that (R, m, k) is local. The following are equivalent: 

(i) Tot( bM (X,Y) = Torf ^ (X, Y) for all i ^ and for all R-modules X, Y. 

(ii) Torf ^(5, k) = Torf T °{B, k) for i = and some z > 1. 

(iii) Tor( BM (k, C) S Torf ^(k, C) fori = and some i^l. 

(iv) B = R = C. 



^Since this example is only given to put our results in perspective, we refer the reader to |13| 
for the relevant notations and definitions. 
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Proof. We verify the implications (JTJ) ==> jn| =^> (fTv|) The implica- 

tions Q => (jm| (fiyj) => (0) arc vcrihcd similarly. Of course, the implica- 
tion (0) =>- (Hi)) is trivial, and the implication (|rv)) => ([!]) is from Example 13.31 
© (£v]) We exploit Theorem [3^61 

Tot( bM (B, k) Si Torf (Hom R (B, B), B ® R k) 

-Torf(i?, fc^ s >) 

^r^o(s) ifi = 

~ [0 if i ^0 

Torf ^(B, fc) = Torf (C ® R B, Hom^C, k)) 
^ Tor? (C® R B,k Mc ^ 

a* k l3i(C® R B)MC) _ 

Assuming that Totq bM (B, k) = Torf Tc {B, k), we conclude that 

(3 (B) = (3 (C ® R B)f3 a (C) = f3 (B)f3 (C) 2 . 

Since f3o(B) ^ 0, it follows that (3q(C) — 1. So C is cyclic, and therefore C = i? by 
Remark [TTDl Assuming Torf BjV! ( J B, jfe) = Torf ^(B, jfe) for some i > 1, we have 

= Pi(C® a B)Po(C) = pi(B). 

It follows that pd fi (i?) < oo, so Remark 1 1 . 101 implies that B = i?, as desired. □ 

Here is a similar result for commutativity. 

Corollary 4.9. Assume that (R,m,k) is local. The following are equivalent: 

(i) Tor( cM (X, Y) = Torf cM (Y, X) for all i ^ and /or all R-modules X, Y. 

(ii) Torf Tc (X, Y) = Torf Tc (Y, X) for all i ^ and /or aZZ R-modules X, Y. 
(hi) Torf cA4 (C, jfe) Torf oM (jfe, C) for i = and some i > 1. 

(iv) Torf ^ (C, jfe) Torf Tc (jfe, C) for i = and some i > 1. 

(v) C^i?. 

Proof. This follows from Theorem 14.81 with B = C. For instance, we verify the 
implication (m) (jvj). Assume that Torf cA ^(C,fc) = Torf cA/| (jfe, C) for i = 
and some i ^ 1. Then Remark 13.21 implies that 

Toif oM {C, jfe) S Torf oM (A;, C) = Torf ^ C (C, jfe) 

for i = and some i ^ 1, so we have C = R by Theorem dTSJu]) =>■ (fry)) . □ 

Here is another result of the same flavor. 

Corollary 4.10. Assume that (R, m, k) is local. The following are equivalent: 

(i) Tor( cM (X, Y) = Torf (X, Y) for all i ^ and for all R-modules X, Y. 

(ii) Torf Tc (X, Y) = Torf (X, Y) for all i ^ and for all R-modules X, Y. 
(hi) Torf cA "(C, jfe) S Torf (C, k) for some i > 1. 

(iv) Torf ^ (jfe, C) Torf (jfe, C) for some i > 1. 

(v) C^i?. 

(vi) Torf CjVI (fc, jfe) = Torf (jfe, jfe) /or some t > 0. 

(vii) Torf ^ (jfe, jfe) = Torf (jfe, jfe) /or some i > 0. 
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Proof, divj} =$> (jvj) Example EH implies that Torf (-, -) = Tor{ nM (-, -). Thus, 
we can apply Theorem 14.81 with B = R. Indeed, Proposition 14.21 implies that 
Torf ^(fc.C) ^ Torf (A;, C) Torf ^(Z^C). Condition (O translates to say 
that Torf r °{k,C) S Torf (Jfe, C) S Torf ^(fc, C) for some i > 1, so we have 
C* = i? by Theorem HH[m| => fr£]). 

The equivalence of conditions ©-(jvj) follows similarly from Theorem 14.81 with 
B = R. And Example 13.31 justifies the implications (jvj) => flvr]) and (jvj) =>■ (jviil) . 

(|vT|) ==> (jvj) Since Hom fl (C, Jfe) = k MC "> ^ C ®ij fc, we have 

Tor{ cM (k, Jfe) S Torf (Hom^C, jfe), C 8> fl Jfe) = Torf (Jfe, Jfe)^) 2 ^ fcMC) 2 ft(fc) 

and of course Torf (A, Jfe) = fc ft(fc) . Suppose that Torf aM (Jfe, Jfe) ^ Torf (Jfe, Jfe) for 
some i > 0. It follows that /%(&) = ^ (C) 2 ft(fc), so either /3 (C) = 1 or ft(fc) = 0. 
In the first case, we have C = i? as before. In the other case, the ring i? is regular, 
hence Gorenstein, so C = i? by Remark ll. 101 

The implication (jvnj) ==> (jvj) is verified similarly. □ 



Remark 4.11. Note that Theorem 14.81 and Corollary 14.91 do not contain versions 
of the conditions (jvlj) and (jviij) of Corollary 14.101 Indeed, for Corollary 14.91 this is 
because we always have 

Toi{ cM (k, k) - fcMC) 2 ft« ^ Torf ^ c (fc, k) 

as the proof of Corollary 14.91 shows. Similarly, if one assumes in Theorem 14.81 that 
Torf sM (k, k) = Torf 4 c (fc, fc), then the only conclusion one would be able to draw 
from this is that Po(B) — /3o(C), which is not enough to guarantee that B and C 
are isomorphic, let alone isomorphic to R. 

Now we prove the non-local versions of the results 1^751 14. 101 First, we have the 
following. Recall the relation k, from Definition 11.201 

Proposition 4.12. Assume that B w C ' , and let [P] G Pic(i?) such that C = 
P (3r B. For each i, there are natural isomorphisms 

Toi{ cM (M,N) £ Tot{ bM (M,N) 

Torf cM (M, N) = Torf BM (M, N) 

Proof. This follows immediately from Lemma Tl. 221 □ 

Corollary 4.13. Let [C] 6 Pic(i?). For each i there are isomorphisms 

Torf cM (M, N) = Torf (M, N) 

Tot( cM (M, N) = Torf (M, N). 

Proof. The condition [C] s Pic(-R) is equivalent to C ~ JJ. So, the result follows 
from Example I3~3l and Proposition ^. 121 □ 

Corollary 4.14. The following conditions are equivalent: 

(i) Toi{ bM (X,Y) ~ Torf 4 -^(X.Y) /or otf i > and /or a/2 R-modules X, Y. 

(ii) Torf BA<, (B,iJ/m) = Torf Fc {B,R/m) for i = 0, for some i > I, and for all 
m e m-Spec(iZ). 

(iii) Tor( BM {R/m,C) = Torf ^ (R/m, C) for i = 0, /or some i ^ 1, and /or aZZ 
m e m-Spec(i2). 

(iv) B^R^C, i.e., [B], [C] e Pic(-R). 
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Proof. As in the proof of Theorem 14. 8[ we verify the implications (|nj ==> IE} => 
(0). The implication jrv} ==> (Q) is from Corollary [4. 131 

© => © Assume that Torf sM (i?/m, C) ^ Torf ^(R/m, C) for all i > 0, 
for all m G m-Spec(-R). Corollary 13.111 then implies that 

Toi{ B - M (R m /m m ,C m ) - Torf bM (R/m, C) m 

= To^ c {R/m,C) m 

= To r f i ^(R m /m m ,C m ). 



Because this is so for i = and some i ^ 1, Theorem 14.81 implies that _B m = _R m = 
C m . This holds for all m, so Fact OH implies BkR^C. □ 

The next two results are proved similarly. 

Corollary 4.15. The following conditions are equivalent: 

(i) Torf ^ (A, Y) = Torf oM (Y, X) for all i > and for all R-modules X, Y. 

(ii) Torf ^(X.Y) = Torf (Y, A) /or aZZ i > and /or R-modules X, Y. 
(hi) Torf cM (a,ii/m) = Toi{ cM (R/m,C) for i = 0, for some i ^ 1, and for all 

m e m-Spec(-R). 

(iv) Torf ^ (C, .R/m) S Torf ^ (R/m, C) for i = 0, for some i ^ 1, and for all 
m £ m-Spec(_R). 

(v) CkR. 

Corollary 4.16. The following conditions are equivalent: 

(i) Torf cM (A,y) = Torf (X,Y) for all i ^ and for all R-modules X, Y. 

(ii) Torf ^(A.F) = Torf (A, Y) for all i ^ and for all R-modules X, Y. 
(hi) Torf cM (C, R/m) Torf (C, i?/m) /or .some i ^ 1, /or m G m-Spec(i?). 

(iv) Torf ^(R/m, C) Torf (i?/m, C) /or some i ^ 1, for all m £ m-Spec(-R). 

(v) CkR. 

(vi) Torf c7W (i?/m,i?/m) ~ Torf (fl/m.-R/m) /or some i ^ 7 and /or a// m G 
m-Spec(i£). 

(vii) Torf ^ (R/m, R/m) = Torf (i?/m, i?/m) for some i ^ 7 and for all m 6 
m-Spec(ii). 

Remark 4.17. In spite of the general lack of balance properties for relative Tor, 
one still knows, for instance, that Ann R (Torf cM (M,N)) D Ann R (M) U Ann fl (A). 
This follows, for instance, by Theorem 13.61 since Ann^(M) C Ann^Hom^C', M)) 
and Ann R (N) C Ann R (C <S> R N). 

5. Jo-Pro jective Dimension and Vanishing of Relative Homology 
In this section, C is a semidualizing i?-module, and M and A are i?-modules. 

We begin this section with two results that are probably implicit in |15j . The 
first one is, in some sense, a counterpoint to Example 11.71 the example says that 
bounded and exact does not necessarily imply proper, while the following lemma 
says that bounded and proper does imply exact. 

Lemma 5.1. Assume that J r c-pd J j(M) $J n and let L be a proper Tc -resolution 
of M such that Li — for i > n. Then L + is exact and we have M G Bc(R)- 
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Proof. Lemma f2.2t|b() implies that the complex Komn(C, L) is a proper flat reso- 
lution of Hom^(C, M) such that Homu(C, L)i = for i > n. In particular, we 
have fdfl(Homi{(C, M)) < n, so Homn(C,M) e Ac(R). By Foxby equivalence, 
we conclude that M e B C {R), so M = C ® R Hom. R (C, M); see Remark HT2T a) . 
The conditions L = C ®r Homn(C, L) and M = C ®r Hom^(C, M) imply that 
L + = C ®r Hom^(C, L) + , so Lemma fl . 13f |aj) implies that L + is exact. Since each 
Li is in Bc{R), the condition M e Bc(R) follows from the two-of-three property 
in Remark [Lit?] □ 

Proposition 5.2. (a) One has Fc-j>d R (M) ^ n if and only if there is an exact 
sequence — > L n — ^ • • • — V Lq — > M — > suc/i £/iai eac/i L,; £ J-q(R). 

(b) Jb-pd i j(M) = fd R (Hom iJ (C,M)). 

(c) Jo-pd^C ® R M) = fd a (M). 

Proof, (jaj) Assume first that J-^- pd R (M) < n and let I be a proper Jc-resolution 
of M such that L$ = for i > n. Lemma I5~T1 implies that L + is an exact sequence 
of the desired form. 

Conversely, assume that there is an exact sequence 

L+ = (0 -> L„ -> >• i ->■ M ->• 0) 

such that each Li e Fc{R). The two-of-three property for Bass classes implies that 
M e Bc{R)\ see Remark ll.121 Lemma H. 141( g)! implies that Hom/?(C, L + ) is exact, 
that is, it is an augmented flat resolution of Hom^(C, M) such that Hom^(C, L)i = 
for i > n. So we have fd^Homi^C, M)) ^ n. Lemma 11.51 implies that a 
truncation 

T+ = (0 -> X„ -> Hom fl (C, L n _!) -> ► Hom fl (C, L ) -> Hom^C, M) -> 0) 

is an exact proper flat resolution of HoniR(C, M). From Lemma l2~2T [a)) we conclude 
that U = C ®n T is a proper J-c-resolution of C ®r Hom/{(C, M) = M such that 
Ui = for all i n, so J r c-pd i? (M) ^ n as desired. 

© The proof of Lemma O implies that J" c -pd fl (M) ^ fd i? (Hom fl .(C, M)). For 
the reverse inequality, assume that fd;? (Hom^C, M)) = m < oo. Given a proper 
flat resolution F of Homfl (C,M), Lemma fl.51 implies that F has a truncation F' 
that is a proper flat resolution of Homfl(C, M) such that F/ = for all i > m. As 
in the previous paragraph, it follows that .Fc-pd^M) ^ m = fd;?(HoniR(C, M)). 

(jcj) To show that To- V&r{C®rM) > fdii(M), assume without loss of generality 
that F c -pd R (C ® R M) < oo. It follows that C® R M e Bc(-R), so M e .Ac(-R) by 
Foxby equivalence; see Remark ll.l2f b). Part (|bj implies that 

Jb-pd^C ®« M) = ^ R {Hom R {C, C ® R M)) = fd R (M) 

as desired. The reverse inequality is verified similarly. □ 

Corollary 5.3. Let R — > S be a flat ring homomorphism. Then there is an inequal- 
ity J r c , -pd fl .(M) Fs<^ R c- 1 pd s (S (£)r M) with equality holding when S is faithfully 
flat over R. 

Proof. Given an i?-module N, it is routine to show that fd R (N) > ids(S ®r N) 
with equality holding when S if faithfully flat over R. This explains the second step 
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in the next display 

Jb-pd fl (M) - id R (Rom R (C,M)) 

>id s (S® R E.om R (C,M)) 

= fd s (Hom s (S ® R C, S ® R M)) 

= J r s® R c-pd s (S® R M). 

The first and fourth steps are from Proposition 15 . 2lfbT) . and the third step is by the 
isomorphism S (£> R Rom R (C, M) = Horns (S ® R C, S ® R M). When S is faithfully 
flat over R, we have equality in the second step, hence the desired conclusions. □ 

Corollary 5.4. Given an integer n ^ 0, the following conditions are equivalent: 

(i) Jb-pd R (M) < n. 

(ii) J r [/-i c -pd [ /-i^(C/^ 1 Af) ^ n for each multiplicatively closed subset U C R. 

(iii) J r Cp -pd R (M v ) ^ n for each p S Spec(i?). 

(iv) J~c m -vd Rm (M m ) ^ n for each m £ m-Spec(i?). 

Proof. This follows from Proposition 15.21 like Corollary 15. 3[ using the local global 
principal for flat dimension. □ 

Fact 5.5. Let E be an injective i?-module. The next facts are essentially contained 
in [141 Lemmas 4.1 and 4.2]. See also Fact 11.151 and Proposition 15.21 

(a) If N is C-injective, then Hom^(A r , E) is C-flat. As a consequence, we have 
7 r c-pd fl (Homfl'(A^, E)) < Xq- \d R {N}. In particular, if lc~id R (N) < oo, then 
Tc- pd fi .(Hom^(A^, E)) < oo. When E is faithfully injective, the converses of 
the first and third statements hold, and equality holds in the second statement. 

(b) If N is C-flat, than Hom R (N, E) is C-injective. As a consequence, we have 
l c -id R {Kom R {N,E)) ^ T c -pd R (N). Hence, if T c ~ pd fl (Hom fl (iV, E)) < oo, 
then Ic'-idfl(A r ) < oo. When E is faithfully injective, the converses of the first 
and third statements hold, and equality holds in the second statement. 

The next two results contain Theorem [C] from the introduction. 

Theorem 5.6. Given an integer n ^ 0, the following conditions are equivalent: 

(i) Tot( cM (M, -) = for all i > n; 

(ii) Torj^^M,-) =0; and 

(iii) Tc-vd R {M) < n. 

Proof. Let £ be a faithfully injective i?-module, and set (— ) v = Hom R (~,E). 
Condition Q is equivalent to the following, since E is faithfully injective: 
(i') Toif GM (M, -) v = for all i > n. 

Since Torf aM (M, -) ^ Toif 4 ^ (-, M), Theorem EH and Proposition EH imply 
that (i') is equivalent to the following: 

(i") Extj UIo (-, Af v ) = for all * > n. 
Similarly, condition ((Ii]) is equivalent to the following: 
(ii") Ext^ c (- M v ) = 0. 

Condition (fTTTT) is equivalent to the following, by Fact I5.5[(b|) : 
(iii") J c -idii(M v ) ^n. 

Fact 11.171 shows that the conditions (i")-(iii") are equivalent. Thus, the condi- 
tions (fi|- (fiii|) from the statement of the theorem are equivalent. □ 



2(5 



M. SALIMI, S. SATHER-WAGSTAFF, E. TAVASOLI, AND S. YASSEMI 



Theorem 5.7. Assume that M is finitely generated over R. Given an integer 
n 0, the following conditions are equivalent: 

(i) Toxf aM {M, R/m) = for all i > n and for each m e m-Spec(i?); 

(ii) Tor^f^M, R/m) = for each m e m-Spec(E); 

(iii) V c -pd R (M) < n; and 

(iv) Jb-pd R (M) < n. 

Proof. The implication =>■ (Jn]) is trivial, and (|Tv]) =>• (jl]) is from Theorem 15.61 
© => dm| Assume that Tor^^ (M, R/m) = for each m G m-Spec(-R). The 
module C m is a semidualizing i? m -module, so it is non-zero and finitely generated. 
Thus, we have 

C ® R R/m S C/mC = C m /m m C m = (i?/m)' 3o(m;C ' ) (5.7.1) 

where /3 (m;C) / 0. 

The second step in the next sequence is by Theorem 13.61 

= Tor^(Af,i?/m) 

£* Tor^ +1 (Hom H (C, M), (C ® fl R/m)) 

S Tor^ +1 (Hom fl (C, Af), i?/m) /3o(m;C) . 

The third step is by (|5.7.1|) . Since 0o(m; C) ^ 0, we conclude that 

Tor^ +1 (Hom il (C,M), R/m) = 

for each m. Thus, Proposition 15 . 2lfb)) explains the first step in the next display 

F c -pd R (M) = fd H (Hom H (C,M)) = pd H (Hom H (C,M)) < n 

and the remaining steps follow from the fact that Hom^(C, M) is finitely generated. 

([ml) frv]) Assume that Vc~pd R (M) ^ n. Then Fact II. 151( a)) provides an 
exact sequence 

-> L n -> >• Z, ->- M ->■ 

such that each Li e Vc(R)- In particular, we have Li G Tc(R), so Proposi- 
tion E2ljaJ implies that J^-pd^M) ^ n. □ 

Corollary 5.8. If M is finitely generated, then Fc~pd R [M) = Vc~pd R (M). 

Corollary 5.9. Given a set {Nj}jej of R-modules, one has 

Fc-pdnQlj Nj) = supp^-pd^) \ j e J}. 

Proof. Apply Theorem I3.6| Proposition 13. 9l} a|). and Theorem 15.61 □ 

We conclude this section with a two-of-three result for modules of finite Tc- 
projective dimension. 

Corollary 5.10. Given an exact sequence M = (0 — > M' — > M -} M" — s> 0) of 
R-module homomorphisms, one has 

T c -pd R (M) < sup{J- c -pd fl (M'), J- c -pd H (M")} 

Fc-pd R (M') < sup{Jb-pd JJ (M), F c -pd R {M") - 1} 

F c -pd R (M") < B up{7b-pd fl (M), F c -pd R (M') + 1}. 

In particular, if two of the modules in M have finite Tc -projective dimension, then 
so does the third module. 
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Proof. For each inequality, one can assume without loss of generality that two of the 
modules in the sequence have finite J-c-projective dimension. In particular, these 
modules are in Bc{R), so the two-of-three property implies that all three modules 
are in Bc(R)', see Remark 11.121 In particular, we have Ext a (C, M') — 0, so the 
sequence Hom^(C, M) is exact. Lemma |2"31 implies that M is Hom R (Vc, — )-exact, 
so Proposition I3.4[j a| and Theorem 13.61 provide a long exact sequence 



• • • Tor^f^M", N) Torf cA4 (M', N) -> Totf aM (M, N) -+ Torf aM (M", N) ■ ■ ■ 



for each i?-module N. The desired inequalities follow by analyzing the vanishing 



In this section, C is a semidualizing i?-module, and M is an i?-module. 

Definition 6.1. An i?-submodule M' C M is pure if for every R- module N the 
induced map N ® R M' — > N ® R M is injective. An exact sequence 

M = (0 -> M' -> M -> M" -> 0) 

is pure if for every i?-module TV the sequence iV <g># M is exact. 

Remark 6.2. An i?-submodule M' C M is pure if and only if the induced sequence 
->• M' -> M -> M/M' ^ is pure. 

The next fact is from [17[ Proposition 3] . 

Fact 6.3. Let M' C M be an i?-submodule, and consider the natural exact se- 
quence M = (0 — > M 1 — > M — > M" — > 0). The following conditions are equivalent: 

(i) M' is a pure submodule of M. 

(ii) for each finitely presented (i.e., finitely generated) i?-module N, the induced 
map Homn(N,M) — > Honie(./V, M") is surjective. 

(iii) for each finitely presented i?-module N, the sequence HoniR(jV, M) is exact. 

This fact yields our next result which applies, e.g., when L is semidualizing. 

Proposition 6.4. Let M' C M be a pure submodule, and let L be a finitely gener- 
ated R-module. Then the submodule Hom^(L,M') C Hom^(L, M) is pure. 

Proof. Set M = (0 ->• M' -> M -> M" -> 0), and let N be an i?-module. Note 
that if and L are finitely generated, then so is N Cglfl L. Now use Fact 16.31 with 
Hom-tensor adjointness: Rom R (N, Rom R (L, M)) = Rom R (N (g) fl L, M). □ 

The next result generalizes (BJ Lemma 9.1.4] and [10l Lemma 5.2(a)] in our 
setting. It is Theorem iDl from the introduction. 

Theorem 6.5. Let M' C M be a pure submodule. Then one has 



Proof. Assume without loss of generality that .Fc-pd R (M) = n < oo. It follows 
that M € Bc(R), and from [9j Proposition 2.4(a) and Theorem 3.1] we know that 
M' and M" := M/M' are in Bc(R). In particular, the sequence 



in this sequence using Theorem 15.61 



□ 



6. Pure Submodules 



Fc-pd B (M) > sup{Jb-pd fl (MO, F c -pd H (M/M') - 1}. 



M' -> M -> M" -> 



(6.5.1) 



is Homfl : (C', 



)-exact, so it is Hom R (Pc, — )-exact by Lemma [231 
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We prove that J r c-pd fl .(A/') ^ J r c-pd fl (M). By Theorems 13.61 and 15.61 we have 
Tor* +1 (Hom H (C, M),C ® H -) S* Tox^(M, -) = 0. 
Let G be an arbitrary i?-module and let 

-> #„ +1 -> P„ -> ► P -> C ®ij G -> 0, 

be a truncation of a projective resolution of C ® R G. In the commutative diagram 
*~ K n+1 ® R Homfl(C, M') ^ P n ® R Hom fl (C, M') 

^ K n+1 ® R Rom R (C, M) P n ® R Uom R (C, M) 

the bottom row is exact, since Tor^ +1 (Homfl(C, M),C® R G) = 0. The two vertical 
arrows are injective, since HoniR(C, M 1 ) C Hom R (C, M) is pure by Proposition ^. 41 
Hence, the top row of the diagram is exact, so we have 

Tor^(A/', G) S Tor^ +1 (Ho mi i(C, M'),C ® R G)=0 

by Theorem 13.61 Since G was chosen arbitrarily, we conclude that J-c-pd R (M') ^ 
n = J r c-pd fl (M), by Theorem 15.61 

To complete the proof, we need only observe that Corollary 15.101 implies that 
F c -pd R (M")-l^n. ' □ 

Example 6.6. Let M' and M" be -R-modules such that 

?c-pd R (M') < T c -pd R (M") < oo. 
The trivial exact sequence — > M' — > M' © M" — > M" — > is split hence pure, so 

T c -vd R (M' © M") = T c -vd R {M") > sup{F c -pd R (M'),F c -pd R (M") - 1} 
by Proposition 15.91 Thus, we can have strict inequality in Theorem l6.5l 
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